We review the recently constructed 'double field theory' which introduces in addition to the conventional coordinates associated to momentum modes coordinates associated to winding modes. Thereby, T-duality becomes a global symmetry of the theory, which can be viewed as an 'O(D, D) covariantization' of the low-energy effective space-time action of closed string theory. We discuss its symmetries with a special emphasis on the relation between global duality symmetries and local gauge symmetries.
Introduction
T-duality is perhaps the most intriguing duality of string theory, indicating a profound deviation from our usual intuition about geometry. It relates circular or toroidal backgrounds T D with radius R to backgrounds with radius α ′ /R via the non-compact duality group O(D, D) [1] . To fix ideas, let us start from the first-quantized string theory with world-sheet action
where G and B are the background metric and B-field, respectively, and ± denote lightcone coordinates. If the background admits commuting isometries, i.e., if for a suitable choice of coordinate system G and B are constant along coordinate directions corresponding to a torus, the resulting two-dimensional field theory is mapped to an equivalent theory under the transformation
which acts on the components of E along the torus. This 'duality' is not an actual symmetry of the world-sheet theory, for it involves a transformation of the background structure (i.e., of the 'coupling constants') rather than the physical fields.
The string theory description features in addition to momentum modes so-called winding modes, and it is an old idea that the geometrical understanding of T-duality involves a corresponding doubling of coordinates. In other words, in addition to the usual momentum coordinates one has 'winding-type' coordinates, and one thinks of T-dualities as novel 'coordinate transformations' that rotate momentum and winding coordinates into each other.
Remarkably, in closed string field theory such a scenario is already realized [2] . Accordingly, based on this string field theory, a space-time action can be determined [3] , at least perturbatively, in which the fields depend both on the usual space-time coordinates x i and on winding coordinatesx i ('double field theory'). Specifically, this action has been computed to cubic order around a flat background [3] . It reduces in the case that the fields are independent ofx i to the conventional low-energy space-time action of closed string theory (expanded to cubic order in fluctuations),
where φ is the dilaton and H = db the field strength of the Kalb-Ramond 2-form b ij .
This double field theory action is background dependent, because the constant background E ij = G ij +B ij enters explicitly. Consequently, O(D, D) is not a proper symmetry, but rather a duality: apart from a transformation of the fields, the invariance of the action requires also an O(D, D) transformation of the background E ij as in (1.2) . This feature is inherited from closed string field theory.
A background independent formulation of closed string theory is not known, and therefore it is not clear how to formulate string theory in such a way that O(D, D) becomes a proper symmetry acting only on the dynamical variables.
2 More recently, however, a background independent formulation of double field theory has been found [4] , that can be viewed as a completion to all orders for a certain subsector. To be more precise, we note that the cubic double field theory requires the constraint∂
, which can be written in a manifestly O(D, D) covariant form,
Here, η is the O(D, D) invariant metric, with indices M, N, . . . = 1, . . . , 2D, and
. This constraint originates from the level-matching condition in closed string theory, which here reduces to 0 = L 0 −L 0 = −p i w i , where p i are the momenta and w i the winding numbers. The background independent double field theory action completes the construction for the subsector that requires the stronger constraint that the differential operator (1.4) annihilates not only all fields and gauge parameters, but also all of their products.
In this review, we introduce this background independent double field theory. It admits a gauge symmetry that combines the usual diffeomorphisms and B-field gauge transformations. While the usual gauge symmetries naturally give rise to a 'rigid' subgroup GL(D, R) ⋉ R D(D−1)/2 (in a sense which will be made precise below) this theory features the larger semi-simple O(D, D) as a global symmetry. We discuss the relation between these global T-duality symmetries and the local gauge symmetries, which in particular illuminates the physical consequences of the strong form of the constraint (1.4).
combining the full metric and B-field, i.e., background plus fluctuation. The double field theory action can indeed be written in terms of (2.1) and reads
In here, d is related to the dilaton via the field redefinition e −2d = √ g e −2φ , and the calligraphic derivatives are defined by
This action is completely background independent and invariant under the following generalization of the O(D, D) action (1.2),
where The action (2.2) admits a gauge symmetry with a parameter ξ M ≡ (ξ i , ξ i ) that combines the conventional diffeomorphism and B-field gauge parameters ξ i andξ i , respectively,
In order to verify the invariance of (2.2) under (2.5), the strong form of the constraint (1.
4) is required, which is in contrast to the invariance under O(D, D).
This constraint is actually so strong that it implies that locally there is always an O(D, D) transformation that rotates into a frame in which the fields depend only on 'half of the coordinates', say, the x i . We next investigate the structure of this theory in different duality frames where the fields either depend only on the momentum coordinates or only on the winding coordinates.
Einstein gravity in different T-duality frames
We consider the action (2.2) expanded in the number of winding-type derivatives, S = S (0) + S (1) + S (2) , where the superscript denotes the number of∂. The part S (0) is equivalent, up to a field redefinition, to the conventional low-energy action (1.3). The part S (2) quadratic in the winding derivatives is 'T-dual' to S (0) . To see this, we consider the transformation E →Ẽ = E −1 which is a special T-duality transformation (2.4), corresponding to an exchange of x andx. S (2) can then be obtained from S (0) by taking [4] 
Finally, S (1) is a mixed action with both momentum and winding derivatives that is needed for gauge invariance.
It is instructive to inspect a similar expansion of the gauge transformations (2.5). Writing out the calligraphic derivatives (2.3), we find
where the first line involves only momentum derivatives and the second line only winding derivatives. Here, L ξ denotes the usual Lie derivative with respect to the parameter ξ i . Similarly, Lξ denotes a Lie derivative in the winding coordinates, but now with respect to the B-field gauge parameterξ i . Thus, we infer from (2.7) that the gauge transformations reduce for∂ = 0 to the usual diffeomorphisms and B-field gauge transformations. For non-vanishing winding derivatives the gauge transformations become non-linear in the fields, as can be seen from the second line in (2.7). This has the curious consequence that the gauge transformations mix metric and B-field. The first and second line are actually related by T-duality in the same way as above: under the transformation E →Ẽ = E 
Double field theory with generalized metric
The generalized metric is a 2D × 2D matrix that combines metric and B-field in such a way that it transforms covariantly under O(D, D),
as indicated by its index structure. Remarkably, the double field theory action (2.2) can be re-written in terms of H M N such that its O(D, D) invariance becomes manifest [5] ,
2)
The gauge transformations that were non-linear in the form (2.5) become linear when written in terms of the generalized metric. They read
where O(D, D) indices are raised and lowered with η M N . This transformation rule is an O(D, D) covariant extension of the standard Lie derivative that governs infinitesimal diffeomorphisms, with the new feature that each index gives rise to a 'covariant' and a 'contravariant' contribution. In fact, in this language one can develop a tensor calculus with generalized Lie derivatives that act on, say, a 'vector' according to 
Using these generalized Lie derivatives it is rather straightforward to verify the closure of the gauge transformations, for it is sufficient to check it on a vector A M . One finds
which defines a bracket ('C-bracket'),
This extends the Lie bracket characterizing the gauge algebra of the usual diffeomorphisms. It is the double field theory extension of the so-called Courant bracket in generalized geometry [6] . To see this we set∂ = 0 in (3.6), which yields for the vector and one-form component, respectively,
where [ , ] denotes the usual commutator or Lie bracket of vector fields, and
(3.8)
In the mathematical literature on 'generalized geometry' the central structure is the direct sum of tangent and cotangent bundle over the base manifold M, i.e., (T ⊕ T ⋆ )(M). The sections of this bundle can thus be viewed as formal sums of vectors and one-forms, say ξ +ξ, where ξ is the vector part andξ is the one-form part. With this terminology, the results (3.7) and (3.8) can be summarized as
where iξ 1 ξ 2 ≡ξ 1i ξ i 2 , etc., denotes the canonical product of a vector and a one-form. This is precisely the so-called Courant bracket of generalized geometry [7] [8] [9] . The C-bracket can thus be seen as the O(D, D) covariant extension of the Courant bracket to which it reduces in the 'T-duality frame'∂ i = 0.
The gauge invariance of the double field theory, despite being non-manifest, can be checked quite straightforwardly using the form of generalized Lie derivatives for the gauge transformations, but the above actions can also be brought into a more 'geometrical' form. More precisely, one can define a curvature scalar R that can be viewed as a function of d and either H or E, such that up to boundary terms
In here, R transforms as a scalar and e −2d as a density,
from which invariance of the action immediately follows.
This geometrical form can be related to a remarkable construction by Siegel [10, 11] . It is based on a frame field e A M that is a generalized vector in the sense of (3.4) and which carries a flat index A corresponding to local GL(D) × GL(D) tangent space transformations. This formalism features connections for this gauge symmetry and generalized curvature tensors. The resulting curvature scalar R allows to define an invariant action as in (3.10), which turns out to be equivalent to the double field theory actions discussed here. The detailed relation between the two formalisms is by now well-understood [5, 12, 13] .
The relation between duality and gauge symmetry
The double field theory features two symmetries: local gauge transformations parametrized by ξ M , extending the diffeomorphism and B-field gauge symmetries of the usual lowenergy effective action (1.3), and global O(D, D) T-duality transformations. Here, we will discuss the relation between these two symmetries [4] .
Conventional Einstein gravity has a global GL(D, R) symmetry, which is simply a subgroup of the diffeomorphism group. Moreover, if the theory is coupled to an antisymmetric tensor b ij subject to the gauge symmetry δb ij = ∂ iξj − ∂ jξi , then there is an additional global shift symmetry. To be more precise, we can choose the gauge parameters to beξ
where h is an arbitrary D × D matrix and e is antisymmetric. Insertion into the gauge transformations (given by the first line of (2.7)) then yields the infinitesimal transformations In the double field theory we have realized the full O(D, D) as a global symmetry prior to any dimensional reduction. Thus, the immediate question arises whether the full O(D, D) rather than only the geometric subgroup can be seen as particular gauge symmetries parametrized by ξ M . This question will be addressed in the following, which requires a careful inspection of the strong constraint (1.4).
We start by considering infinitesimal O(D, D) transformations by group elements of the form 1 + T , where T takes values in the Lie algebra. For the Lie algebra we choose the basis h :
If we introduce an infinitesimal parameter according to X ′M = X M − ξ M (X), this can be written in terms of variations δE(X) ≡ E ′ (X) − E(X),
where we used matrix notation.
Next, we have to investigate whether there is a choice of gauge parameters that gives rise to these transformations. As we mentioned above, by virtue of the strong constraint locally one can always find a T-duality frame where the fields depend only on the momentum coordinates x i . The constraint is then satisfied by all gauge parameters that also depends only on x i . We can thus choose the parameters as in (4.1), which gives rise to gauge transformations as in (4.2), in agreement with the h and e transformations in (4.5) and (4.6). Thus, as above, we see that the geometric subgroup emerges as particular gauge transformations. Now, the remaining transformations parametrized by f (the 'hidden symmetries') cannot be realized in a similar way in conventional Einstein gravity, but in the double field theory there are potentially more possibilities since one may choosẽ
This turns out, however, to be in general inconsistent with the constraint. In fact, this constraint requires ∂ M ξ i ∂ M A = 0 for all fields A, which implies with (4.8)
As the fields will in general have an arbitrary dependence on x i , this condition is not satisfied. Therefore, (4.8) is not an allowed gauge parameter and O(D, D) is in general not part of the gauge symmetries. However, in the context of Kaluza-Klein reduction on a torus, the fields are assumed to be independent of certain coordinate directions, and so in these directions (4.9) is satisfied. The gauge transformations (2.7) then read 
Discussion
The double field theory discussed here provides a space-time theory in which the Tduality group O(D, D) is realized as a symmetry prior to torus reductions or the presence of isometries. This is achieved by virtue of doubling the coordinates. A crucial ingredient for the consistency is the constraint (1.4). In its 'weak' form this constraint is a direct consequence of the level-matching condition in closed string theory, and it is very unlikely that it can be relaxed. Moreover, even with this constraint, there would be solutions that depend non-trivially both on x andx. The background independent action discussed here, however, requires the strong form of the constraint, which implies that locally the fields depend only on half of the coordinates. This theory exhibits nevertheless several intriguing features which, we believe, sheds light on the novel geometrical structures expected in the complete theory. The construction of the full double field theory subject only to the weak constraint remains as an outstanding open problem.
We close with a few remarks on the physical meaning of the strongly constrained theory. The space of solutions can be easily characterized: it consists of all solutions of (1.3) plus its O(D, D) transformations. Put differently, for any solution of the strongly constrained double field theory there exists an O(D, D) transformation that rotates it locally into a solution of (1.3) depending only on x i . Thus, one might be tempted to conclude that this theory is a physically equivalent reformulation that makes a certain symmetry manifest. This is not obvious, however. First, there might be a non-trivial 'patching' of coordinate charts such that, even though locally the fields depend either only on the momentum coordinates or only on the winding coordinates, globally the solution is non-trivial ('T-folds') [14] . This possibility deserves further investigation. Second, for the theory to be actually equivalent to the standard low-energy theory (1. , then this transformation can be viewed as a particular gauge transformation, as we discussed above. Thus, the two solutions simply represent different parametrizations of the same physics and have to be identified. If we act with a genuine T-duality transformation not belonging to the geometric subgroup (corresponding to the 'hidden symmetries' parametrized by f ), the situation is more subtle. In the case that the solution has an isometry along the direction we T-dualize, the resulting transformation can still be viewed as a gauge transformation, as we saw above. Consequently, the resulting solution (still depending only on the x i ) is physically equivalent to the original one. This is in agreement with our expectation that the physics on toroidal backgrounds related by T-duality is the same. If, on the other hand, the solution does not have an isometry along the direction we are T-dualizing, then this transformation will finally switch on a dependence on the winding coordinatesx i . Moreover, by the analysis of the previous section, this is precisely the case for which the transformation cannot be viewed as a gauge symmetry. Thus, naively there is no reason to identify these two solutions, and so one would conclude that the phase space of double field theory (viewed as the space of classical solutions modulo gauge transformations) is larger.
This conclusion is, however, somewhat puzzling from the point of view that in closed string field theory, which was the starting point for this construction but which requires only the weak constraint, all O(D, D) transformations can be viewed as (discrete) gauge transformations (see also footnote above) [2] . Therefore, one would expect that if the double field theory discussed here can be generalized to a 'weakly constrained' theory, then all O(D, D) transformations should become gauge transformations and thus all solutions related by T-duality have to be identified. We conclude that it remains as an open question what the precise physical meaning of this theory is and how it will embed into the 'ultimate' formulation of string theory.
